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1. Introduction 

The main goal of this survey is to discuss the proof and examine some conse- 
quences of the following fundamental theorem of Giroux. 

Theorem 1.1 (Giroux 2000, Let M be a closed oriented 3-manifold. Then 

there is a one to one correspondence between 

{oriented contact structures on M up to isotopy} 

and 

{open book decompositions of M up to positive stabilization}. 

This theorem plays a pivotal role in studying cobordisms of contact structures 
and understanding filling properties of contact structures, see El D3I El El E2j • 
This better understanding of fillings leads to various topological applications of 
contact geometry. Specifically, the much studied property P for knots was estab- 
lished by P. Kronheimer and T. Mrowka in |2H]. A non-trivial knot has property P 
if non-trivial surgery on it never gives a homotopy sphere. In addition P. Ozsvath 
and Z. Szabo in gave an alternate proof of a characterization of the unknot via 
surgery which was originally established in . This characterization says that the 
unknot is the only knot on which p-surgery yields —L(p, 1). Moreover, in |34j it is 
shown that the Thurston norm is determined by Heegaard Floer Homology. 

Ideally the reader should be familiar with low-dimensional topology at the level 
of, say . In particular, we will assume familiarity with Dehn surgery, mapping 
tori and basic algebraic topology. At various points we also discuss branch coverings, 
Heegaard splittings and other notions; however, the reader unfamiliar with these 
notions should be able to skim these parts of the paper without missing much, if any, 
of the main line of the arguments. Since diffeomorphisms of surfaces play a central 
role in much of the paper and specific conventions are important we have included 
an Appendix discussing basic facts about this. We also assume the reader has some 
familiarity with contact geometry. Having read should be sufficient background 
for this paper. In order to accommodate the reader with little background in contact 
geometry we have included brief discussions, scattered throughout the paper, of all 
the necessary facts. Other good introductions to contact geometry are I20j . 
though a basic understanding of convex surfaces is also useful but is not covered in 
these sources. 
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In the next three sections we give a thorough sketch of the proof of Theorem ll.il 
In Sectional we define open book decompositions of 3-manifolds, discuss their ex- 
istence and various constructions. The following two sections discuss how to get a 
contact structure from an open book and an open book from a contact structure, 
respectively. Finally in Section [5] we will consider various applications of Theo- 
rem ^3 While we prove various things about open books and contact structures 
our main goal is to prove the following theorem which is the basis for most of the 
above mentioned applications of contact geometry to topology. 

Theorem (Eliashberg 2004 6 ; Etnyre 2004 If(X, uj) is a symplectic filling of 

(M, £) then there is a closed symplectic manifold (W, lo') and a symplectic embedding 
(X.wJ-^WV). 

Acknowledgments: I am grateful to David Alexandre Ellwood, Peter Ozsvath, 
Andras Stipsicz, Zoltan Szabo, the Clay Mathematics Institute and the Alfred Renyi 
Institute of Mathematics for organizing the excellent summer school on "Floer 
Homology, Gauge Theory, and Low Dimensional Topology" and for giving me an 
opportunity to give the lectures on which these notes are based. I also thank 
Emmanuel Giroux who gave a beautiful series of lectures at Stanford University 
in 2000 where I was first exposed to the strong relation between open books and 
contact structures. I am also grateful to Noah Goodman, Gordana Matic, Andras 
Nemethi and Burak Ozbagci for many illuminating conversations. Finally I thank 
Paolo Lisca, Stephan Schocncnberger and the referee for valuable comments on the 
first draft of this paper. This work was supported in part by NSF CAREER Grant 
(DMS-0239600) and FRG-0244663. 

2. Open book decompositions of 3-manifolds 

Throughout this section (and these notes) 

M is always a closed oriented 3-manifold. 

We also mention that when inducing an orientation on the boundary of a manifold 
we use the "outward normal first" convention. That is, given an oriented manifold 
TV then vi, . . . , u n _i is an oriented basis for dN if v, v\, . . . , u n _i is an oriented basis 
for N. 

Definition 2.1. An open book decomposition of M is a pair (B,n) where 

(1) B is an oriented link in M called the binding of the open book and 

(2) 7r : M \ B — > S 1 is a fibration of the complement of B such that Tt~ l (9) is 
the interior of a compact surface C M and <9£g = B for all 6 G S 1 . The 
surface £ = for any 6, is called the page of the open book. 

One should note that it is important to include the projection in the data for an 
open book, since B does not determine the open book, as the following example 
shows. 

Example 2.2 Let M = S 1 x S 2 and B = S 1 x {N, S}, where TV, S G S 2 . There are 
many ways to fiber M\B = S 1 x S 1 x [0, 1]. In particular if 7„ is an embedded curve 
on T 1 in the homology class (l,n), then M\B can be fibered by annuli parallel to 
7„ x [0, 1]. There are diffeomorphisms of S 1 x S 2 that relate all of these fibrations 
but the fibrations coming from 70 and 71 are not isotopic. There are examples of 
fibrations that are not even diffeomorphic. 
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Definition 2.3. An abstract open book is a pair (E, <j>) where 

(1) E is an oriented compact surface with boundary and 

(2) <j) : E — > E is a diffeomorphism such that <f> is the identity in a neighborhood 
o/<9E. The map <fi is called the monodromy. 

We begin by observing that given an abstract open book (E, (f>) we get a 3- 
manifold as follows: 



where |<9E| denotes the number of boundary components of E and E^ is the mapping 
torus of <p. By this we mean 



where ~ is the equivalence relation ((f>(x), 0) ~ (x, 1) for all x G E. Finally, means 
that the diffeomorphism tp is used to identify the boundaries of the two manifolds. 
For each boundary component I of E the map if '■ d(S 1 x D 2 ) — > I x S 1 C E^ is 
defined to be the unique (up to isotopy) diffeomorphism that takes S 1 x {p} to I 
where p € 3D 2 and {q} x 3D 2 to ({q'} x [0, 1]/ ~) = S 1 , where q £ S 1 and q 1 € 9E. 
We denote the cores of the solid tori in the definition of by B^. 

Two abstract open book decompositions and (E 2 ,(/>2) are called equiv- 

alent if there is a diffcomrophism h : Ei — > E 2 such that h o fa = <f>i o h. 

Lemma 2.4. We have the following basic facts about open books and abstract open 
books: 

(1) An open book decomposition (B, it) of M gives an abstract open book (E w , (f> n ) 
such that (M^, B^) is diffeomorphic to (M,B). 

(2) An abstract open book determines and an open book {B^^tt^) up to 
diffeomorphism. 

(3) Equivalent open books give diffeomorphic 3-manifolds. 

Exercise 2.5 Prove this lemma. 

Remark 2.6. Clearly the two notions of open book decomposition are closely re- 
lated. The basic difference is that when discussing open books (non-abstract) we 
can discuss the binding and pages up to isotopy in M, whereas when discussing 
abstract open books we can only discuss them up to diffeomorphism. Thus when 
discussing Giroux's Theorem ll.il we need to use (non- abstract) open books; how- 
ever, it is still quite useful to consider abstract open books and we will frequently 
not make much of a distinction between them. 



Example 2.7 Let S 3 be the unit sphere in C 2 , and {z 1 ,z 2 ) = (rie 1 " 1 , r 2 e l62 ) be 



(1) Let U = {zi = 0} = {ri = 0} C S 3 . Thus U is a unit S 1 sitting in S 3 . It is 
easy to see that U is an unknotted S 1 in S 3 . The complement of U fibers: 



In polar coordinates this map is just TTjj(rie iei , ^e 102 ) = 9\. This fibration 
is related to the well known fact that S 3 is the union of two solid tori. 
Pictorially we see this fibration in Figure ^ 




Ex [0,1]/ 



coordinates on C 2 . 



ir u :S 3 \U^S 1 :(z 1 ,z 2 )^ r ±. 
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Figure 1 . S 3 broken into two solid tori (to get the one on the left 
identify top and bottom of the cylinder) . The union of the shaded 
annuli and disks give two pages in the open book. 

Let H+ = {{z x , z 2 ) S S 3 : z x z% = 0} and H~ = {{zi,z 2 ) S S 3 : z{zi = 0}. 

Exercise 2.8 Show H + is the positive Hopf link and H~ is the negative Hopf 
link. See Figure H (Recall H + gets an orientation as the boundary of a complex 
hypersurface in C 2 , and H~ may be similarly oriented.) 




H+ H~ 



FiGURE 2. The two Hopf links. 



We have the fibrations 



7T+ : S 3 \H+ -^S 1 : (zi,z 2 ) ^ t^t, and 

\ZlZ 2 \ 



S 3 \H- ^S 1 : ( Zl ,z 2 ) 



Z\Z 2 



\Z\Z 2 \ 

In polar coordinates these maps are just n±(rie 101 ,r 2 e ie2 ) = 6% ± 6 2 . 
Exercise 2.9 Picture these fibrations. 

More generally, let / : C 2 — > C be a polynomial that vanishes at (0, 0) and 
has no critical points inside S 3 except possibly (0, 0). Then B = / _1 (0)nS' 3 
gives an open book of S 3 with fibration 

%f :S"\B ->S :(z 1 ,z 2 )^— -. 

I/( Z 1^2)| 

This is called the Milnor fibration of the hypersurface singularity (0, 0) 
(note that (0, 0) does not have to be a singularity, but if it is not then B is 
always the unknot). See 
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Exercise 2.10 Suppose E is a surface of genus g with n boundary components and <f> is 
the identity map on E. Show = #2 9 +n-iS 1 X S 2 . 

HINT: If a is a properly embedded arc in E then a x [0, 1] is an annulus in the mapping 
torus Ticf, that can be capped off into a sphere using two disks in the neighborhood of the 
binding. 

Theorem 2.11 (Alexander 1920, 0]). Every closed oriented 3-manifold has an 
open book decomposition. 

We will sketch three proofs of this theorem. 

First Sketch of Proof. We first need two facts 

Fact (Alexander 1920, Every closed oriented 3-manifold M is a branched cover 
of S 3 with branched set some link Lm ■ 

Fact (Alexander 1923, 3 ). Every link L in S 3 can be braided about the unknot. 

When we say L can be braided about the unknot we mean that if S 1 x D 2 = S 3 \U 
then we can isotop L so that L C S 1 x D 2 and L is transverse to {p} x D 2 for all 
peS 1 . 

Now given M and Lm C S 3 as in the first fact we can braid Lm about the 
unknot U. Let P : M — > S 3 be the branch covering map. Set B = P~ X {U) C M. 
We claim that B is the binding of an open book. The fibering of the complement 
of B is simply ir — ttjj o P, where ttu is the fibering of the complement of U in S 3 . 

Exercise 2.12 Prove this last assertion and try to picture the fibration. 

□ 

Before we continue with our two other proofs let's have some fun with branched 
covers. 

Exercise 2.13 Use the branched covering idea in the previous proof to find various open 
books of 5" 3 . 

HINT: Any cyclic branched cover of S 3 over the unknot is S 3 . Consider Figure|3] See also 
|331l3rJ) . 




Figure 3. Here are two links each of which is a link of unknots. If 
we do a cyclic branched cover of S 3 over the grey component and 
lift the black component to the cover it will become the binding of 
an open book decomposition of S 3 . 

Second Sketch of Proof. This proof comes from Rolfsen's book |3f>j and relies on 
the following fact. 
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Fact (Lickorish 1962, POj; Wallace 1960, 00]). Every closed oriented 3-manifold 
may be obtained by ±1 surgery on a link Lm of unknots. Moreover, there is an 
unknot U such that Lm is braided about U and each component of Lm can be 
assumed to link U trivially one time. See Figure 



Figure 4. All the unknots in the link Lm can be isotoped to be 
on the annuli depicted here. The heavy black line is the unknot U. 

Now (U,ttjj) is an open book for S 3 . Let N be a small tubular neighborhood of 
Lm- Each component Nc of N corresponds to a component C of Lm and we can 
assume that Nq intersects the fibers of the fibration ixy in meridional disks. So the 
complement of U U iV fibers so that each dNc is fibered by meridional circles. To 
perform ±1 surgery on Lm we remove each of the JVc's and glue it back sending 
the boundary of the meridional disk to a (1, ±1) curve on the appropriate boundary 
component of S 3 \ N. After the surgery we have M and inside M we have the union 
of surgery tori TV', the components of which we denote N' c and the cores of which 
we denote C". We denote the union of the cores by V . Inside M we also have the 
"unknot" U (of course U may not be an unknot any more, for example it could 
represent non-trivial homology in M). Since M \ (U U N') — S 3 \ (U U N) we 
have a fibration of M \ (U U N 1 ) and it is easy to see that the fibration induces 
on dN' c a fibration by (1, ±1) curves. We can fiber N' c \ C by annuli so that the 
induced fibration on dN' c is by (1, ±1) curves. Thus we may extend the fibration 
of M \ (U U N') to a fibration of M \ (U U L'), hence inducing an open book of M. 

Exercise 2.14 Convince yourself of these last statements. 

Remark 2.15. We have produced an open book for M with planar pages! 

□ 

Third Sketch of Proof. This proof is due to Harer. We need 

Fact (Harer 1979, 25 ). An oriented compact ^-manifold has an achiral Lefschetz 
fibration with non-closed leaves over a disk if and only if it admits a handle decom- 
position with only 0-, 1-, and 2-handles. 

An achiral Lefschetz fibration of a 4-manifold X over a surface S is simply a map 
7r : X — > S such that the differential dn is onto for all but a finite number of points 
Pi, ■ ■ - Pk £ int(X), where there are complex coordinate charts Ui of pi and Vi of 
7r(pi) such that 71^ (zi, z%) = z\ + z\. Note the definition implies that 7r restricted 
to X \ 7r _1 (7r({pi . . . ,Pk})) is a locally trivial fibration. We denote a generic fiber 
by 
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Fact (Lickorish 1962, [HOj; Wallace 1960, 00]). Every closed oriented 3-manifold 
is the boundary of a ^-manifold built with only 0- and 2-handles. 

Given a 3-manifold M we use this fact to find a 4-manifold X with dX = M 
and X built with only 0- and 2-handles. Then the previous fact gives us an achiral 
Lefschetz fibration tt : X — > D 2 . Set B = dir^ 1 (x) for a non-critical value x G 
int(_D 2 ). We claim that B is the binding of an open book decomposition for M and 
the fibration of the complement is the restriction of tt to M \ B. □ 

Definition 2.16. Given two abstract open books i = 0,1, let Ci be an arc 

properly embedded in Ej and Ri a rectangular neighborhood of 'a, Ri — c.; x [— 1, 1]. 
The Murasugi sum of (So, 4>o) and (Si, (f>i) is the open book (Eg, 4>o) * (Si, <pi) with 
page 

S * Si = S Dh 1= r 2 Si, 
where Rq and R\ are identified so that Ci x { — 1,1} = (dci+i) x [—1,1], and the 
monodromy is 4>q o 4>\. 

Theorem 2.17 (Gabai 1983, 

M(£ ;<f>o)# M (Zu<f>i) is diffeomorphic to M {SoM ^ Su4>1 y 

Sketch of Proof. The proof is essentially contained in Figure The idea is that 
B Q = R x [i, 1] is a 3-ball in M( Sl ^ and similarly for B\ = R\ x [0, i] in M^ ^ y 
Now (S * S x ) x [0, 1] can be formed as shown in Figure|5| 





I 1 

r.'fA- 
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i 

i_ 





















Figure 5. At the top left is a piece of So x [0, 1] near co with Bo 
cut out. The lightest shaded part is So x {0} the medium shaded 
part is So x {i} and the darkest shaded part is So x {1}. The top 
right is a similar picture for S x . The bottom picture is (S * Si) x 
[0,1]. 

Think about forming the mapping cylinder of 4>o by gluing So x {0} to So x {1} 
using the identity and then cutting the resulting So x S 1 along So x {j} and 
regluing using </V Similarly think about the mapping cylinder for <\>\ as Si x S 1 
reglued along Si x {|} and the mapping cylinder for O ° 4>i as (^o * ^i) x S 1 
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reglued by (f>o along (So * Si) x {j} and by (\>\ along (So * Si) x {|}. Thus we see 
how to fit all the mapping cylinders together nicely. 

Exercise 2.18 Think about how the binding fits in and complete the proof. 

□ 

Definition 2.19. A positive (negative) stabilization of an abstract open book (S, <fi) 
is the open book 

(1) with page S' = S U 1-handle and 

(2) monodromy (j)' — (j) o r c where t c is a right- (left- )handed Dehn twist along 
a curve c in S' that intersects the co-core of the 1-handle exactly one time. 

We denote this stabilization by S( at ±)(E, <f) where a — c n S and ± refers to the 
positivity or negativity of the stabilization. (We omit the a if it is unimportant in 
a given context.) 

Exercise 2.20 Show 

S±(E,0) = (E,0)*( J ff ± ,^ ± ) 
where H is the positive/negative Hopf link and ty± is the corresponding fibration of its 
complement. 

From this exercise and Theorem 12 . 1 71 we immediately have: 
Corollary 2.21. 

M( S ±(s,<t>)) = Mp^y 

Exercise 2.22 Show how to do a Murasugi sum ambiently. That is show how to perform 
a Murasugi sum for open book decompositions (not abstract open books!). Of course one 
of the open books must be an open book for S 3 . 
HINT: See Figure © 




Figure 6. Two ambient surfaces being summed together. 

Exercise 2.23 Use Murasugi sums to show the right- and left-handed trefoil knots and 
the figure eight knot all give open book decompositions for S 3 . 

Exercise 2.24 Use Murasugi sums to show all torus links give open book decompositions 
of 5" 3 . 

Exercise 2.25 Show that every 3-manifold has an open book decomposition with con- 
nected binding. 

Exercise 2.26 Use the previous exercise to prove a theorem of Bing: A closed oriented 
3-manifold is S 3 if and only if every simple closed curve in M is contained in a 3-ball. 
HINT: The only surface bundle over S 1 yielding an orientable manifold that is not irre- 
ducible is S 1 x S 2 . 



LECTURES ON OPEN BOOK DECOMPOSITIONS AND CONTACT STRUCTURES 9 



3. From open books to contact structures 

Definition 3.1. An (oriented) contact structure £ on M is an oriented plane field 
£ C TM for which there is a 1-form a such that £ = ker a and a Ada > 0. (Recall: 
M is oriented.) 

Remark 3.2. What we have really defined is a positive contact structure, but since 
this is all we will talk about we will stick to this definition. 

Example 3.3 (l)OnR 3 we have the standard contact structure t; st d = ker(dz+ 
r 2 d6). See Figure □ 




(2) On S 3 , thought of as the unit sphere in C 2 , we have £ s *d the set of complex 
tangents. That is £ s td = TS 3 Hi(TS 3 ). We can also describe this plane field 
as £ s td = ker(r 2 c?#i + r\dQ-i), where we are using coordinates {r\e l91 , r2e l92 ) 
on C 2 . 

We will need the following facts about contact structures. Most of these facts 
are proven or discussed in [11 1151127)] . 

• All 3- manifolds admit a contact structure. See Theorem 13 . 1 31 below . 

• Locally all contact structures look the same. This is called Darboux's Theo- 
rem and means that if pi is a point in the contact manifold (Mi, £,i),i = 0, 1, 
then there is a neighborhood Ui of pi and a diffeomorphism / : Uo — ► Ui 
such that /*(^o) = £i- Such a diffeomorphism is called a contactomorphism. 

• Given two contact manifolds (Mi,£i),i — 0,1, we can form their contact 
connected sum (Mq#M\, £o#£i) as follows: there are balls Bi C Mi and an 
orientation reversing diffeomorphism / : d(Mo \ Bq) — » d(M\ \ Bi) such 
that M #Mi is formed by gluing M \ B and Mi \ B\ together using / 
and 

€o\m \b U £i|mi\.Bi 
extends to a well defined contact structure on M #Mi. See jSJ. 



10 



JOHN B. ETNYRE 



• Given a 1-parameter family of contact structures £t,t G [0,1], there is a 1- 
parameter family of diffcomorphisms (f>t : M — > M such that (</>*)* (£o) = £t- 
This is called Gray's Theorem. 

Two contact structures £o and £i are called isotopic if there is a 1-parameter family 
of contact structures connecting them. 

Definition 3.4. A contact structure £ on M is supported by an open book decom- 
position (B,tt) of M if £ can be isotoped through contact structures so that there is 
a contact 1-form a for £ such that 

(1) da is a positive area form on each page of the open book and 

(2) a > on B (Recall: B and the pages are oriented.) 

Lemma 3.5. The following statements are equivalent 

(1) The contact manifold [M, £) is supported by the open book (B,ir). 

(2) (B,ir) is an open book for M and £ can be isotoped to be arbitrarily close 
(as oriented plane fields), on compact subsets of the pages, to the tangent 
planes to the pages of the open book in such a way that after some point 
in the isotopy the contact planes are transverse to B and transverse to the 
pages of the open book in a fixed neighborhood of B. 

(3) (B,ir) is an open book for M and there is a Reeb vector field X for a 
contact structure isotopic to £ such that X is (positively) tangent to B and 
(positively) transverse to the pages of n. 

The condition in part (2) of the lemma involving transversality to the pages is 
to prevent excess twisting near the binding and may be dispensed with for tight 
contact structures. 

Recall that a vector field X is a Reeb vector field for £ if it is transverse to £ and 
its flow preserves £. This is equivalent to saying there is a contact form a for £ such 
that a(X) = 1 and Lxda = 0. The equivalence of (1) and (2) is supposed to give 
some intuition about what it means for a contact structure to be supported by an 
open book. We do not actually use (2) anywhere in this paper, but it is interesting 
to know that "supported" can be defined this way. Similarly condition (3) should 
be illuminating if you have studied Reeb vector fields in the past. 

Proof. We begin with the equivalence of (1) and (2). Suppose (M, £) is supported 
by (B, it). So M\B fibers over S 1 . Let d9 be the coordinate on S 1 . We also use dd to 
denote the pullback of d9 to M \ B, that is, for n*d9. Near each component for the 
binding we can choose coordinates (tl>, (r, 8)) on TV = S 1 x D 2 in such a way that d9 
in these coordinates and n*d9 agree. Choosing the neighborhood N small enough 
we can assume that cn{-§^) > (since a is positive on B). Choose an increasing 
non-negative function / : [0, e] — > R that equals r 2 near and 1 near e, where e is 
chosen so that {(ip, (r, 9))\r < e] C N. Now consider the 1-form = a + Rf(r)d9, 
where R is any large constant. (Here we of course mean that outside the region 
{(V>, (r,6))\r < e} we just take / to be 1.) Note that is a contact 1-form for all 
R > 0. Indeed 

a R A dan — a A da + Rfd9 A da + Rf'a A dr A d9. 

The first term on the right is clearly positive since a is a contact form. The second 
term is also positive since da is a volume form for the pages, d9 vanishes on the 
pages and is positive on the oriented normals to the pages. Finally the last term 
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is non-negative since dr A dd vanishes on while > 0. As R — > oo we 

have a 1-parameter family of contact structures £r = ker an that starts at £ = £ 
and converges to the pages of the open book away from the binding while staying 
transverse to the binding (and the pages near the binding) . 

Now for the converse we assume (2). Let £ s be a family of plane fields isotopic 
to £ that converge to a singular plane field tangent to the pages of the open book 
(and singular along the binding) as s — > oo. Let a s be contact forms for the £ s . We 
clearly have that a s > on B. 

Thinking of M \ B as the mapping torus E^ we can use coordinates (x,9) € 
E x [0, 1] (we use 8 for the coordinate on [0, 1] since on the mapping torus E^ this 
is the pullback of 8 on S 1 under the fibration) and write 

a s =0s(0) + u s (0) dff, 

where (3 S (0) is a 1-form on E and u s {8) is a function on E for each s and 8. Let N be 
a tubular neighborhood of B on which £ s is transverse to the pages of the open book 
and let N' be a tubular neighborhood of B contained in TV. We can choose N' so 
that M \ N' is a mapping torus E'^, where E' C E is E minus a collar neighborhood 
of 9E and <f>' = </>|xy is the identity near <9E'. For s large enough u s (8) > on M \ N' 
for all 8, since a s converges uniformly to some positive multiple of dd on M \ N' 
as s oo. Thus, for large s, on M \ N' — E^, we can divide a s by u s (8) and get 
a new family of contact forms 

a> s = 0' s (9)+d6. 

We now claim that da' s | pa gc = d(3' s is a positive volume form on E'. To see this note 
that 

08' 

a' s A da' s = dd A (d(3' s (8) - 3' s (8) A -^(0)). 

So clearly 

(1) d # ((9 )_#(0)A^(0)>O. 

To see that dd' s (8) > for s large enough, we note that the second term in this 
equation vanishes to higher order than the first as s goes to infinity. From this one 
can easily conclude that dd' s {8) > for s large enough. 

Exercise 3.6 Verify this last statement. 

HINT: Assume, with out loss of generality, the 1-forms a s axe analytic and are analytic 
in s. 

By adding a small multiple of a 1-form, similar to the one constructed on the 
mapping torus in the proof of Theorem 13 . 1 31 below, we easily see that for a fixed s, 
large enough, we can assume d3' s (9) > 0. 

Exercise 3.7 Show how to add this 1-form to a' a preserving all the properties of a' g in 
N' but still having da' a > on Eg . 

HINT: Make sure the 1-form and its derivative are very small and use a cutoff function 
that is C 1 -small too. 

We may now assume that da' s is a volume form on the pages of E'^, . Denote a' s 
by a. We are left to verify a can be modified to have the desired properties in N. 
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Exercise 3.8 Show that we may assume each component of N is diffeomorphic to S 1 x D 2 
with coordinates (ip, (r,0)) such that the pages of the open book go to constant 6 annuli 
in S 1 x D 2 and the contact structure kera on M maps to ker(dip + f(r)d8), for some 
function f(r). 

HINT: This is more than a standard neighborhood of a transverse curve. Think about the 
foliation on the pages of the open book near the binding and on the constant 8 annuli. 

Under this identification a maps to some contact form a' — h (dip + f(r) d6) near 
the boundary of S 1 x D 2 , where h is function on this neighborhood. By scaling a 
if necessary we may assume that h > 1 where it is defined. 

Exercise 3.9 Show that da' is a volume form on the (parts of the) constant 6 annuli 
(where it is defined) if and only if h r > 0. 

Since that we know da is a volume form on the pages of the mapping torus, 
h r > where it is defined. Moreover we can extend it to all of S 1 x D 2 so that it 
is equal to 1 on r = and so that h r > everywhere. Thus the contact form equal 
to a off of N' and equal to h(dtp + f(r) d6) on each component of iV is a globally 
defined contact form for £ s and satisfies conditions (1) of the lemma. 

Exercise 3.10 Try to show that the condition in part (2) of the lemma involving 
transversality to the pages of the open book near B is unnecessary if the contact structure 
is tight. 

HINT: There is a unique universally tight contact structure on a solid torus with a fixed 
non-singular characteristic foliation on the boundary that is transverse to the meridional 
circles. 

We now establish the equivalence of (1) and (3). Assume (3) and let X be the 
vector field discussed in (3). Since X is positively tangent to the binding we have 
a > on oriented tangent vectors to B. Moreover, since X is positively transverse 
to the pages of the open book we have da = LxaAda > on the pages. Thus (M, £) 
is supported by (B, ir). Conversely assume (1) is true and let a be the contact form 
implicated in the definition of supporting open book. Let X be the Reeb vector 
field associated to a. It is clear that X is positively transverse to the pages of the 
open book since da is a volume form on the pages. Thus we are left to check 
that X is positively tangent to B. To this end consider coordinates (ip, (r, 9)) on a 
neighborhood of a component of B such that constant 6*'s give the pages of the open 
book in the neighborhood. Switching (r, 0) coordinates to Cartesian coordinates 
(x,y) we can write X = f-^ + gJ^ + h-^j, where /, g, h are functions. We need 
to see that g and h are zero when (x, y) = (0, 0). This is clear, for if say g > at 
some point (c, (0, 0)) then it will be positive in some neighborhood of this point in 
particular at (c, (0, ±e)) for sufficiently small e. But at (c, (0, e)) the J| component 
of X must be negative, not positive, in order to be positively transverse to the 
pages. Thus g and h are indeed zero along the binding. □ 

Example 3.11 Let (U, iru) be the open book for S 3 7 where U is the unknot and 

ttu :S 3 \U -> S 1 :(ri,0i,r 2 ,02)-0i. 
(Recall that we are thinking of S 3 as the unit sphere in C 2 .) This open book 
supports the standard contact structure £ st d — ker(r 2 d#i + r|d# 2 )- To see this 
notice that for fixed 9\ the page 7r^ 1 (6'i) is parameterized by 

f(r,6) = (^l-r 2 ,6 1 ,r,6). 
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Thus df*(r\d9i+r2d02) = 2r dr/\d9 which is the volume form on the disk. Moreover 
the positively oriented tangent to U is and a(-r^) > 

Exercise 3.12 Show that (H + ,ir + ) also supports £ a td but that (H~ ,tt-) does not. 

Theorem 3.13 (Thurston- Winkclnkemper 1975, 38 ). Every open book decompo- 
sition (E, 4>) supports a contact structure £^ on M^. 

Proof. Recall 

M = E m S 1 x D 2 ^ , 

where E^ is the mapping torus of <p. We first construct a contact structure on E^. 
To this end we consider the set 

S = {1-forms A : (1) A = (1 + s)d9 near <9E and 

(2) dX is a volume form on E} 

where near each boundary component of E we use coordinates (s, 9) € [0, 1] x 5 1 . 
Exercise 3.14 Show this set is convex. 

To show this set is non-empty let Ai be any 1-form on E that has the right form 
near the boundary. Note that 

/ dXi = I Ai = 2tt|SE|. 

Let oj be any volume form on E whose integral over E is 27r|<9E| and near the 
boundary of E equals ds A d9. We clearly have 

J (u - dXi) = 

and u> — d\± = near the boundary. Thus the de Rham theorem says we can find 
a 1-form (3 vanishing near the boundary such that d/3 = lo — dX\. One may check 
A = Ai + (3 is a form in S. 

Now given A £ S note that <f)*X is also in S. Consider the 1-form 

X(t, x ) = t^x + (1 ~ t){(j)*X) x 
on E x [0, 1] where (x, t) £ E x [0, 1] and set 

% = \t,x) + Kdt. 
Exercise 3.15 Show that for sufficiently large K this form is a contact form. 

It is clear that this form descends to a contact form on the mapping torus E^. 
We now want to extend this form over the solid tori neighborhood of the binding. 
To this end consider the map tp that glues the solid tori to the mapping torus. In 
coordinates (<p, (r, $)) on S 1 x D 2 where D 2 is the unit disk in the R 2 with polar 
coordinates we have 

i/j(ip, r,d) = (r-l + e, -ip, ■&). 
This is a map defined near the boundary of S 1 x D 2 . Pulling back the contact form 
ock using this maps gives 

a^f, — K di9 — (r + e) dip. 
We need to extend this over all of S 1 x D 2 . We will extend using a form of the form 

f(r)<hp + g(r)d0. 
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Exercise 3.16 Show this form is a contact form if and only if f(r)g'(r) — f'(r)g(r) > 0. 
Said another way, that 

is an oriented basis for R 2 for all r. 



9(r) ' W(r) 



Near the boundary is denned with f(r) = — (r + e) and g(r) — K. Near the 
core of S 1 x D 2 we would like f(r) — 1 and g(r) = r 2 . 

Exercise 3.17 Show that f(r) and g(r) can be chosen to extend a^> across the solid 
torus. 

HINT: Consider the parameterized curve (f(r),g(r)). This curve is defined for r near 
and 1; can we extend it over all of [0, 1] so that the position and tangent vector are never 
collinear? 

□ 

Proposition 3.18 (Giroux 2000, |23)- Two contact structures supported by the 
same open book are isotopic. 

Proof. Let «o and ot\ be the contact forms for £o and £i, two contact structures 
that are supported by (B,ir). In the proof of Lemma 13.51 we constructed a contact 
form a.R — a + Rf(r)d6 from a. (See the proof of the lemma for the definitions of 
the various terms.) In a similar fashion we can construct «ofl an d a iR from a an( i 
a\. These are all contact forms for all R > 0. Now consider 

a s = saiR + (1 - s)aoR. 

Exercise 3.19 For large R verify that a s is a contact form for all < s < 1. 
HINT: There are three regions to consider when verifying that a s is a contact form. The 
region near the binding where f(t) = r 2 , the region where / is not 1 and the region where 
/ is 1. Referring back to the proof of Lemma \'6 . 51 should help if you are having difficulty 
when considering any of these regions. 

Thus we have an isotopy from ao to ot\. □ 

We now know that for each open book (B, w) there is a unique contact structure 
supported by (B, tt). We denote this contact structure by £(b,ttV If we are concerned 
with the abstract open books we denote the contact structure by 

Theorem 3.20. We have 

□ 

This theorem follows immediately from the proof of Theorem 12.171 concerning 
the effect of Murasugi sums on the 3-manifold. The theorem seems to have been 
known is some form or another for some time now but the first reference in the 
literature is in Torisu's paper jJJJJJ. 

Exercise 3.21 Go back through the proof of Theorem 12.171 and verify that the contact 

structures are also connect summed. 

HINT: If you have trouble see the proof of Theorem 14.61 
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Corollary 3.22 (Giroux 2000, [2]). Let a be any arc in S, then 
Ms {±ta) (v,4>) is diffeomorphic to M( Si<? >) 

and 

£s (+ , o) (£,</>) is isotopic to 
(where the corresponding manifolds are identified using the first diffeomorphism) . 

Remark 3.23. The contact structure £s ( _ a) (s,0) is not isotopic to £(£.0)' One can 
show that these contact structures are not even nomotopic as plane fields. 

Proof. The first statement was proven in the previous section. For the second 
statement recall if (H + , n + ) is the open book for the positive Hopf link then 
is the standard contact structure on S 3 . Thus 

where all the equal signs mean isotopic. The last equality follows from the following 
exercise. 

Exercise 3.24 Show the contact manifold (S 3 ,£ B td) is the union of two standard (Dar- 
boux) balls. 

Exercise 3.25 Show £\m\b is tight. (If you do not know the definition of tight then see 
the beginning of the next section.) 

HINT: Try to show the contact structure pulled back to the cover E x R of M \ B is 
tight. This will be much easier after you know something about convex surfaces and, in 
particular, Giroux's tightness criterion which is discussed at the beginning of the next 
section. 

□ 

Note that we now have a well defined map 
(2) : O -» C 

where 

C = {oriented contact structures on M up to isotopy} 

and 

O = {open book decompositions of M up to positive stabilization}. 
In the next section we will show that \& is onto and one-to-one. 

4. From contact structures to open books 

We begin this section by recalling a few more basic facts and definitions from 
contact geometry. Again for more details see ^ ^1 1201 ■ This is not meant to 
be an introduction to contact geometry, but simply to remind the reader of some 
important facts or to allow the reader with little background in contact geometry 
to follow some of the arguments below. First some facts about Legendrian curves. 

• A curve 7 in (M,£) is Legendrian if it is always tangent to £. 

• Any curve may be C° approximated by a Legendrian curve. 
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• If 7 C E is a simple closed Legendrian curve in E then tw{pj, E) is the 
twisting of £ along 7 relative to £. Said another way, both £ and £ give 
7 a framing (that is, a trivialization of its normal bundle) by taking a 
vector field normal to 7 and tangent to £ or E, respectively; then iu>(7, E) 
measures how many times the vector field corresponding to £ rotates as 7 
is traversed measured with respect to the vector field corresponding to £. 

We now turn to surfaces in contact 3-manifolds and the fundamental dichotomy 
in 3-dimensional contact geometry: tight vs. overtwisted. 

• If E is a surface in (M, £) then if at each point x G £ we consider l x = 
£ x fl T x £ we get a singular line field on £. This (actually any) line field 
can be integrated to give a singular foliation on £. This singular foliation 
is called the characteristic foliation and is denoted E^ . 

• The contact structure £ is called overtwisted if there is an embedded disk 
D such that contains a closed leaf. Such a disk is called an overtwisted 
disk. If there are no overtwisted disks in £ then the contact structure is 
called tight. 

• The standard contact structures on S 3 and R 3 are tight. 

• If £ is a tight contact structure and £ is a surface with Legendrian boundary 
then we have the weak-Bcnncquin inequality 

M0£,£) <*(£). 

We now begin a brief discussion of convex surfaces. These have proved to be an 
invaluable tool in studying 3-dimensional contact manifolds. 

• A surface £ in (M, £) is called convex if there is a vector field v transverse 
to E whose flow preserves £. A vector field whose flow preserves £ is called 
a contact vector field. 

• Any closed surface is C°° close to a convex surface. If E has Legendrian 
boundary such that iu>(7, E) < for all components 7 of <9E then after a 
C° perturbation of E near the boundary (but fixing the boundary) E will 
be C°° close to a convex surface. 

• Let E be convex, with v a transverse contact vector field. The set 

r s = {x e EKx) e 

is a multi-curve on E and is called the dividing set. 

• Let J 7 be a singular foliation on E and let T be a multi-curve on E. The 
multi-curve T is said to divide T if 

(1) E\L = E + JJE_ 

(2) T is transverse to T and 

(3) there is a vector field X and a volume form w on E so that 

(a) X is tangent to T at non-singular points and X = at the 
singular points of T (we summarize this by saying X directs T) 

(b) the flow of X expands (contracts) uo on E + (E_) and 

(c) X points out of E + . 

• If E is convex then Ts divides E^ . 

• On any compact subset of E + we can isotop £ to be arbitrarily close to 
TE + while keeping it transverse to Ts- 

• If E is convex and T is any other foliation divided by then there is a 
C° small isotopy, through convex surfaces, of E to £' so that St = T. 
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• If 7 is a properly embedded arc or a closed curve on E, a convex surface, 
and all components of E \ 7 contain some component of Te \ 7 then E may 
be isotoped through convex surfaces so that 7 is Legendrian. This is called 
Legendrian realization. 

• If Ei and E2 are convex, <9Ei = dT,2 is Legendrian and the surfaces meet 
transversely, then the dividing curves interlace as shown in Figure|Hland we 
can round the corner to get a single smooth convex surface with dividing 
curves shown in Figure |S] 




Figure 8. Two convex surfaces intersecting along their boundary, 
left, and the result of rounding their corners, right. 

• If 7 is a Legendrian simple closed curve on a convex surface E then tw(^, E) = 

-|(7nr E ). 

• If E is a convex surface then a small neighborhood of E is tight if and only 
if E ^ S 2 and no component of is a contractible circle or E = S 2 and 
Ts is connected. This is called Giroux's tightness criterion. 

Now that we know about convex surfaces we can discuss a fourth way to say that 
a contact structure is supported by an open book decomposition. 

Lemma 4.1. The contact structure £ on M is supported by the open book decompo- 
sition (B, 7r) if and only if for every two pages of the open book that form a smooth 
surface E' the contact structure can be isotoped so that E' is convex with dividing 
set BcE' and £ is tight when restricted to the components of M \ E'. 

This criterion for an open book to be supported by a contact structure is one of 
the easiest to check and is quite useful in practice. This lemma is essentially due 
to Torisu [SI. 

Proof. Assume £ is supported by (B,tt). Let Vo and V\ be the closures of the 
complement of E' in M. 

Exercise 4.2 Show Vi is a handlebody. 

HINT: Each Vi is diffeomorphic to E x [0, 1] where E is a surface with boundary (i.e. the 
page). 

It is not hard to show that E' is convex. Indeed E' is the union of two pages Ei 
and E2. Each E^ has a transverse contact vector field V{. Along 9E^ the Vi point in 
opposite directions. 

Exercise 4.3 Show v\ and — V2 can be altered in a neighborhood of 9Ei = 9E2 = B so 
that they give a contact vector field v on E' so that B is the dividing set. 
HINT: If you have trouble see 
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In Exercise 13.251 vou checked that £ restricted to M \ B is tight. It is easy to 
contact isotop B to be disjoint from Vi so £ restricted to Vi is tight. 

The other implication immediately follows from the next lemma. □ 

Lemma 4.4 (Torisu 2000, 39 ). Given an open book decomposition (B,ir) of M 
there is a unique contact structure £ that makes £' ( the smooth union of two pages ) 
convex with dividing set B and that is tight when restricted to each component of 
M \ £'. 

Sketch of Proof. Let £ C £' be a page of the open book. Let ai,...,a n be a 
collection of disjoint properly embedded arcs in £ that cut £ into a 2-disk. Since 
each component of M \ £' is a handlebody Vi — £ x [0,1] we can consider the 
disks Dj = otj x [0,1]. These disks cut V, into a 3-ball. We can Legendrian realize 
dDj on £' and make all the disks Dj convex. Now cutting Vi along these disks 
and rounding corners we get a tight contact structure on the 3-ball. Eliashberg |S] 
has shown that there is a unique tight contact structure on the 3-ball with fixed 
characteristic foliation. From this it follows that there is a unique tight contact 
structure on Vi with any fixed characteristic foliation divided by B. Finally this 
implies there is at most one contact structure on M satisfying the conditions in the 
lemma. The existence of one contact structure satisfying these conditions is given 
by Theorem 13. 131 

Exercise 4.5 Fill in the details of this proof. 

HINT: If you have trouble read the section on convex surfaces in |15j or see |89) . 

□ 

We are now ready to show that the map ^ from open books to contact structures 
is onto. 

Theorem 4.6 (Giroux 2000, |21jk Every oriented contact structure on a closed 
oriented 3-manifold is supported by an open book decomposition. 

Proof. We begin the proof with a definition. 

Definition 4.7. A contact cell decomposition of a contact 3-manifold (M,£) is a 
finite CW -decomposition of M such that 

(1) the 1-skeleton is a Legendrian graph, 

(2) each 2-cell D satisfies tw(dD,D) = —1, and 

(3) £ is tight when restricted to each 3-cell. 

Lemma 4.8. Every closed contact 3-manifold (Af, £) has a contact cell decompo- 
sition. 

Proof. Cover M by a finite number of Darboux balls (this is clearly possible since 
M is compact). Note that since Darboux balls are by definition contactomorphic to 
a ball in the standard contact structure on R 3 we know £ restricted to the Darboux 
balls is tight. Now take any finite CW-decomposition of M such that each 3-cell 
sits in some Darboux ball. Isotop the 1-skeleton to be Legendrian (this can be 
done preserving the fact that 3-cells sit in Darboux balls). Note that we have a 
CW-decomposition satisfying all but condition (2) of contact cell decomposition. 
To achieve this condition consider a 2-cell D. By the weak-Bennequin inequality we 
have tw(dD, D) < — 1. Thus we can perturb each 2-cell to be convex (care must be 
taken at the boundary of the 2-cells). Since To contains no simple closed curves 
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and tw(dD,D) = — h(Tn H dD) we know that there are ^(r^ fl dD) components 
to T]j. If tw(dD, D) 7^ —1 there is more than one component to To and we can 
thus use Legendrian realization to realize arcs separating all the components of 
by Legendrian arcs. If we add these arcs to the 2-skeleton then condition (2) of the 
definition is also satisfied. □ 

Suppose we have a contact cell decomposition of (M, £). Denote its 1-skeleton 
by G. Given the (or any) Legendrian graph G the ribbon of G is a compact surface 
R = Rq satisfying 

(1) R retracts onto G, 

(2) T p R = £ p for all p G G, 

(3) T p R ^ Z P for all p 6 R \ G. 

Clearly any Legendrian graph has a ribbon. Let B = dR and note that B is a 
transverse link. 

Claim. B is the binding of an open book decomposition of M that supports £. 

Clearly the proof follows form this claim. □ 

Proof of Claim. Since B is a transverse link there is a contactomorphism from 
each component of a neighborhood N(B) of B to an e-neighborhood of the z-axis 
in (M 3 ,ker(dz + r 2 d6)) / ~ where {r,6,z) - (r,6,z+ 1). Let X(B) = M \ N(B) 
be the complement of N(B) and Rx = R H X(B). We can choose a neighborhood 
N(R) = Rx x [—5, 6} of Rx in X (B) such that dRx x {pt} thought of as sitting in 
N(B) is a line with constant 9 value. Clearly N(R) is an Rx bundle over [—5,(5]. 
Set X(R) = X{B) \ N(R). See Figure|3 



N(B) 




Figure 9. The neighborhoods N(B) and N(R). The grey part is Rx- 

We first show that X(R) is diffeomorphic to Rx x [0, 1] and that X(B) is formed 
by identifying R x x {0} {R x x {1}) in X{R) and R x x {5} {R x x {-6}) in N{R). 
Clearly this implies that X(B), the complement of a neighborhood of B, is fibered 
and the fibration can be extended over N(B) \ B so that the boundary of the fibers 
is B. Note that dX(R) = A U F where A = (dX(R)) n N(B) is a disjoint union 
of annuli (one for each component of N(B)) that are naturally fibered by circles 
of constant 6 value in N(B). The subsurface F is defined to be the closure of the 
complement of A in dX(R). Note that we can write F = F~ U F + , where F^ is 
identified with R x x {±6} in N(R). 
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Exercise 4.9 Show that dX(R) is a convex surface with dividing set Vqx(r) equal to the 
union of the cores of A and such that F C (dX(R))±. (Note, dX(R) is only piecewise 
smooth, but if we rounded the edges it would be convex.) 

Remark 4.10. Throughout this part of the proof we will be discussing manifolds 
whose boundaries have corners. We do not want to smooth the corners. However, 
sometimes to understand the annuli A better we will think about rounding the 
corners, but once we have understood A sufficiently we actually will not round the 
corners. 

Let Di,...,Dk be the two cells in the contact cell decomposition of (M, £). 
Recall that dDi is Legendrian and has twisting number —1. Thus since R twists 
with the contact structure along the 1-skeleton G we can assume that B intersects 
Di exactly twice for all i. Let D[ = n X(R). 

Exercise 4.11 Show that it can be arranged that the D^'s intersect the region A C 
dX(R) in exactly two properly embedded arcs, and each arc runs from one boundary 
component of A to another. 

Exercise 4.12 Show that the interior of X(R) cut along all the Z^'s is homeomorphic 
to M minus its 2-skeleton. That is, X(R) cut along the D'^s is a union of balls. 

Using the Legendrian realization principle we can assume dD\ is Legendrian. 
(Again as in the remark above we only Legendrian realize dD\ to see what happens 
to the dividing curves when we cut X(R) along these disks. Once we have seen this 
we don't actually do the Legendrian realization.) Let's consider what happens to 
X(R) when we cut along D[; denote the resulting manifold by X\. Note: in dX\ 
there are two copies of D[ . Let A\ be A sitting in dX\ union the two copies of D\ . 
See Figure UU| 

Exercise 4.13 Show that the components of Ai are annuli and that they have a natural 
fibration by S that is naturally related to the fibration on A. 

Note that dX\ \ A\ naturally breaks into two surfaces and F[~ , where F^ 1 is 
obtained from F by cutting along a properly embedded arc. 

Exercise 4.14 Show dXi is convex (once the corners are rounded) and its dividing set 
is the union of the cores of Ai and F^ 1 C (dXi)±. 

If we continue to cut along the D'^s we eventually get to Xk once we have cut 
along all the disks. From above we know Xk is a disjoint union of balls (all contained 
in 3-cells of our contact cell decomposition). Moreover, on dXk we have that Ak a 
union of annuli whose cores give the dividing curves for dX^. By the definition of 
contact cell decomposition we know that the contact structure when restricted to 
each component of Xk is tight. Thus we know Ak has exactly one component on 
the boundary of each component of Xk . Thus each component of Xk is a ball B 3 
with an annulus S that has a natural fibration by circles. Clearly B 3 has a natural 
fibration by D 2, s that extends the fibration of S by circles. That is, B 3 = D 2 x [0, 1] 
with {dD 2 ) x [0, 1] = S. 

Exercise 4.15 Show that as we glue Xk together along the two components of D' k in 
dXk to get Xk-i we can glue the fibration of Xk by D 2 's together to get a fibration of 
Xk-i by surfaces that extend the fibration of Ak-i by circles. 
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Figure 10. Top picture is X(R) with the boundary of D[ drawn 
darkly. The middle picture is X\ right after the cut and the bottom 
picture is X\ after isotoping a little. 



Thus, continuing in this fashion we get back to X(R) and see that it is fibered 
by surfaces that extend the fibration of A by circles. This clearly implies that 
X(R) = F~ x [0,1] = Rx x [0,1] and the surfaces Rx x {0} and Rx x {1} are 
glued to the boundary of N(R) as required above. Hence we have shown that X(B) 
is fibered over the circle by surfaces diffcomorphic to R and that the fibers all have 
boundary B. That is, we have demonstrated that B is the binding of an open book. 

We now must show that this open book supports the contact structure £. Looking 
back through the proof it is not hard to believe that one may isotop the contact 
planes to be arbitrarily close to the pages of the open book, but it seems a little 
difficult to prove this directly. We will show the open book is compatible with the 
contact structure by showing that there is a Reeb vector field that is tangent to 
the binding and transverse to the pages. Recall that the neighborhood N(B) of 
the binding is contactomorphic to an e- neighborhood of the z-axis in (K 3 , ker(cfe + 
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r 2 dff))/ ~ where (r, 6*, z) ~ (r, 6*, z+1). Moreover, we can assume the pages intersect 
this neighborhood as the constant 9 annuli. 

Exercise 4.16 In the explicit model for N(B) find a Reeb vector field that is tangent to 
the binding and positively transverse to the pages of the open book in the neighborhood. 
Also make sure the boundary of N(B) is preserved by the flow of the Reeb field. 

We can think of the Reeb fields just constructed as giving a contact field in the 
neighborhood of the boundary of Rx (recall this is the ribbon of the Legendrian 
1-skeleton G intersected with the complement of N(B)). 

Exercise 4.17 Show that this contact vector field defined in a neighborhood of dRx 
can be extended to a contact vector field v over the rest of Rx so that it is transverse to 
Rx and there are no dividing curves. (This is OK since Rx is not a closed surface.) Note 
that since there are no dividing curves v is also transverse to £. 

Use v to create the neighborhood N(R) of Rx- Since v is never tangent to the 
contact planes along Rx we can assume that this is the case in all of N(R). 

Exercise 4.18 Show that a contact vector field which is never tangent to the contact 
planes is a Reeb vector field. 

Thus we have a Reeb vector field defined on N(B) U N(R) that has the desired 
properties. 

We now need to extend the Reeb vector field v over X(R). From the construction 
of v we can assume we have v defined near the boundary of X(R) and as a vector 
field defined there it satisfies the following: 

(1) v is tangent to A C dX(R). 

(2) There is a neighborhood N(A) of A in X(R) such that ON (A) = A U 

A' where A ± = N(A) n -F ± and A' is a parallel copy of A on 
the interior of X(R). v is defined in N(A), tangent to A U A' , ±v points 
transversely out of N(A) at A^ and v is transverse to the pages of the open 
book intersected with N(A). Moreover the flow of v will take A~ to A + . 

(3) ±v points transversely out of X(R) along F ± . 

We now want to construct a model situation into which we can embed X(R). To 
this end let £ = RjUA' U —Rx, where A' = (dRx) x [0, 1] and the pieces are glued 
together so that £ is diffeomorphic to the double of Rx ■ On £ let T be the singular 
foliation (Rx)(, on each of Rx and —Rx and extend this foliation across A' so 
that it is non singular there and the leaves of the foliation run from one boundary 
component to another. Let T be the union of the cores of the annuli that make up 
A'. It is easy to see that T is divided by T. Given this one can create a vertically 
invariant contact structure £' on £ x K such that (£ x {t})^ = T and the dividing 
set on £ x {t} is I\ for all t£l. (See Note that restricted to R x x K is 

a Reeb vector field since it is a contact vector field and positively transverse to £' 
in this region. Pick a diffeomorphism / : F~ — ► (Rx x {0} C E x {0}) that sends 
(R x )i to T. (Recall F + U F~ = (dX(R)) \ A.) 

Exercise 4.19 Show that the flow of v on Rx and | on E x I allow you to extend / 
to a contact embedding of N(A) into Ext. 

Thus we can use the flow of v and to extend / to a contact embedding of a 
neighborhood of dX(R) in X(R) into Exl 



LECTURES ON OPEN BOOK DECOMPOSITIONS AND CONTACT STRUCTURES 23 



Exercise 4.20 Make sure you understand how to get the embedding near F . 
HINT: From the previous exercise we have a neighborhood of the boundary of F + em- 
bedded into Rx x {to}, for some to. Show that there is an obvious way to extend this to 
an embedding of all of F + to Rx x {to}. 

Of course this extension of /, which we also call /, takes the Reeb field v to 
the Reeb field Jj. We can clearly extend / to an embedding, but not necessarily a 
contact embedding, of all of X(R) into X x R. The following exercises allow us to 
isotop /, relative to a neighborhood of the boundary, to a contact embedding and 
thus we may extend v to all of X(R) by Jj. This gives us a Reeb vector held on M 
which demonstrates that the open book supports £. 

Exercise 4.21 Let H be a handlebody and D\, . . . , D g be properly embedded disks that 
cut H into a 3-ball. Given any singular foliation T on the boundary of H that is divided 
by r for which dDi PI T = 2, for all i, then there is at most one tight contact structure on 
H, up to isotopy, that induces T on dH. 

HINT: This is a simple exercise in convex surface theory. See |15| . 

Exercise 4.22 Show the contact structure £' on E x R is tight. (This is easy using 
Giroux's tightness criterion.) Also show the contact structure £ restricted to X(R) is 
tight. 

HINT: The second part is not so easy. The idea is that if you can cut up a handlebody 
by disks, as in the previous exercise, and the 3-ball you end up with has a tight contact 
structure on it, then the original contact structure on the handlebody is tight. See |26|. 

□ 

We have the following immediate useful corollaries. 

Corollary 4.23. If L is a Legendrian link in (M,£) then there is an open book 
decomposition supporting £ such that L sits on a page of the open book and the 
framing given by the page and by £ agree. 

Proof. Simply include the Legendrian link L in the 1-skeleton of the contact cell 
decomposition. □ 

Example 4.24 Figure ITU illustrates Corollary 14.231 for two knots in S* 3 with its 
standard contact structure. 

Using positive stabilizations we can see the following. 

Corollary 4.25. Any contact manifold is supported by an open book with connected 
binding. 

Corollary 4.26 (Contact Bing). A contact manifold (M,£) is the standard tight 
contact structure on S 3 if and only if every simple closed curve is contained in a 
Darboux ball. 

Exercise 4.27 Prove this last corollary. 

HINT: There is a unique tight contact structure on B 3 inducing a fixed characteristic 
foliation on the boundary |S]. 

Theorem 4.28 (Giroux 2002, |21p. Two open books supporting the same contact 
manifold (M,£) are related by positive stabilizations. 

To prove this theorem we need the following lemma. 
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Figure 1 1 . On the top left we have a Legendrian unknot that is 
the 1-skeleton of a contact cell decomposition of S 3 . The resulting 
open book is shown on the upper right. On the bottom left we start 
with a Legendrian unknot, moving to the right we add a Legendrian 
arc to get the 1-skeleton of a contact cell decomposition. The 
bottom right shows the resulting open book. 

Lemma 4.29. Any open book supporting (M, £), after possibly positively stabilizing, 
comes from a contact cell decomposition. 

Proof. Let E be a page of the open book and G be the core of S. That is, G is a 
graph embedded in E onto which E retracts. We can Legendrian realize G. 

Remark 4.30. The Legendrian realization principle is for curves, or graphs, on a 
closed convex surface or a convex surface with Legendrian boundary. The pages of 
an open book are convex but their boundary is transverse to the contact structure 
so we cannot apply the Legendrian realization principle as it is usually stated. 
Nonetheless since we can keep the characteristic foliation near the boundary fixed 
while trying to realize a simple closed curve or graph, we can still realize it. But 
recall the curve or graph must be non-isolating. In this context this means that 
all components of the complement of the curve in the surface should contain a 
boundary component. To see this review Giroux's proof of realization. 

Note that E is the ribbon of G. Let N be a neighborhood of E such that <9E C dN. 
Let cii be a collection of properly embedded arcs on E that cut E into a disk. Let 
A~i be ai x [0, 1] in M\E = Ex [0, 1] and A' t = AifMM \ N). Note that A\ intersects 
<9E on dN exactly twice. Thus if we extend the Ai's into iV so their boundaries lie 
on G then the twisting of E, and hence £, along dAi with respect to Ai is —1, or 1. 
If all the twisting is —1 then we have a contact cell decomposition (recall that the 
contact structure restricted to the complement of E is tight). Thus we just need to 
see how to reduce the twisting of £ along dAi. 

Suppose dAi has twisting 0. Positively stabilize E as shown in Figure 1721 Note 
the curve C shown in the picture can be assumed to be Legendrian and bounds a 
disk D in M. Now isotop G across D to get a new Legendrian graph with all the 
A/s unchanged except that Ai is replace with the disk A[ obtained from Ai by 
isotoping across D. We also add C to G and add D to the 2-skeleton. 
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FIGURE 12. On the left is part of S and <9A; near 9S. On the 
right is the stabilized £, C and cM-. (This picture is abstract. If 
we were drawing it ambiently the added 1-handle would have a full 
left-handed twist in it.) 

Exercise 4.31 Show that the twisting of £ along dA\ is one less than the twisting along 
dA 4 . 

Clearly the twisting of £ along D is —1. Thus we can reduce the twisting of £ 
along dAi as needed and after sufficiently many positive stabilizations we have an 
open book that comes from a contact cell decomposition. □ 

Proof of Theorem Given two open books (B, ir) and [B' , ir') supporting (M, £) 
we can assume they both come from contact cell decompositions by using Lemma l4.2ij 
Now, given two contact cell decompositions one can show that they are related by 
a sequence of the following: 

(1) A subdivision of a 2-cell by a Legendrian arc intersecting the dividing set 
one time. 

(2) Add a 1-cell d and a 2-cell D so that dD = d U c where c is part of the 
original 1-skeleton and tw(dD,D) = —1. 

(3) Add a 2-cell D whose boundary is already in the 1-skeleton and tw(dD, D) — 
-1. 

Thus the theorem follows from the following exercises. 

Exercise 4.32 Show that (3) does not change the open book associated to the cell 
decomposition. 

Exercise 4.33 Show that (1) and (2) positively stabilize the open book associated to 
the cell decomposition. 

HINT: Show that an arc a is added to the 1-skeleton and a disk D to the 2-skeleton so 
that dD is part of the old 1-skeleton union a, Yd is a single arc and a PI Yd is one point. 
Show that adding such an arc to the one skeleton is equivalent to positively stabilizing 
the open book. 

□ 



5. Symplectic cobordisms and caps. 

A contact manifold (M, £) is called (weakly) symplectically fillable if there is a 
compact symplectic 4-manifold (X,ui) such that dX — M and cj|^ ^ 0. Many 
applications of contact geometry to topology (see |2HI 112] an d the discussion in the 
introduction) rely on the following theorem. 
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Theorem 5.1 (Eliashberg 2004 6; Etnyre 2004 14 ). If (X,lo) is a symplectic 
filling of (Af, £) then there is a closed symplectic manifold {W, lo') and a symplectic 
embedding (X,lo) — > (IF, a/). 

Partial results aimed towards this theorem were obtained by many people. Specif- 
ically, Lisca and Matic established this result for Stein tillable manifolds in [2] and 
later work of Akbulut and Ozbagci |2j coupled with work of Plamenevskaya |3*5") 
provided an alternate proof in this case (for unfamiliar terminology see the next 
paragraph) . For strongly tillable manifolds this was proven by Gay in ^H] and fol- 
lows trivially from Theorem 1.3 in [lfij . The full version of this theorem also follows 
fairly easily from |37| . 

In the process of proving Theorem 15. II we will need to take a few detours. The 
first concerns various types of symplectic fillings and the second concerns Legen- 
drian/contact surgery. These two detours occupy the next two subsections. We 
return to the proof of Theorem l5.1l in Subsection l5.3l In the final section we discuss 
the relation between open book decompositions and overtwistedness. 

5.1. Symplectic fillings. A contact manifold (M,£) is said to be strongly sym- 
plectically filled by the symplectic manifold (X, lo) if X is compact, dX = M and 
there is a vector field v transversely pointing out of X along M such that the flow 
of v dilates lo (that is to say the Lie derivative of lo along v is a positive multiple 
of lo). The symplectic manifold [X, lo) is said to have convex boundary if there is a 
contact structure £ on dX that is strongly filled by (X,lo). We say that (X,lo) is a 
strong concave filling if (X, lo) and v are as above except that v points into X. Note 
that given a symplectic manifold (X, lo) with a dilating vector field v transverse 
to its boundary then l v lo is a contact form on dX. If v points out of X then the 
contact form gives an oriented contact structure on dX and if v points into X then 
it gives an oriented contact structure on —dX. (Recall Remark 13. 2(1 

Given a contact manifold (M, £) let a be a contact form for £, then consider 
W = M x R and set low = d(e f a), where t is the coordinate on R. It is easy to 
see that low is a symplectic form on W and the vector field v = Jj is a dilating 
vector field for low The symplectic manifold (W,u>w) is called the symplectization 
of(M,0- 

Exercise 5.2 Given any other contact form a' for £ (note that this implies that a' — get 
for some function g : M — > (0, oo)) show there is some function / such that a = F*(i v ujw) 
where F : M -» W : x h-> (x, f(x)). 

It can be shown that if (X, lo) is a strong symplectic filling (strong concave 
filling) of (M, £) then there is a neighborhood N of M in X, a function /, a one- 
sided neighborhood Nf of the graph of / in W with Nw lying below (above) the 
graph and a symplectomorphism r/> : Nw — » TV. See Figure 1131 Thus we have a 
model for a neighborhood of a contact manifold in a strong symplectic filling. 

Exercise 5.3 If (Xi,Wi) is a strong symplectic filling of (M,£) and (X2,Uz) is a strong 
concave filling of (M, £) then show X = Xi U X2 has a symplectic structure uj such that 
uIj^ = lu\ and u!|x 2 \iv = cu>2 where JV is a neighborhood of 8X2 in X2 and c > is a 
constant. 

HINT: Look at Figure IT31 

Thus we can use strong symplectic fillings to glue symplectic manifolds together. 
This is not, in general, possible with a weak symplectic filling. 
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{X 2 ,L02) 




(M x ffi,d(e'a)) 



Figure 13. The symplectization of (M, £), middle, and a sym- 
plectic manifold with convex, left, and concave, right, boundary. 

Recall that a Stein manifold is a triple (X, J, tp) where J is a complex structure 
on X and to^(v,w) = —d(dip o J)(v,w) is non-degenerate. A contact manifold 
(M, £) is called Stein fillable (or holomorphically fillable) if there is a Stein manifold 
(X, J, ip) such that ip is bounded from below, M is a non-critical level of ijj and 
— (dip o J) is a contact form for £. It is customary to think of X as ?/> -1 ((— oo, c]) 
where Af = ip (c). Thus we can think of X as a compact manifold (Stein manifolds 
themselves are never compact). 

In it was shown how to attach a 1-handle to the boundary of a symplectic 

manifold with convex boundary and extend the symplectic structure over the 1- 
handle so as to get a new symplectic manifold with convex boundary. They also 
showed the same could be done when a 2-handle is attached along a Legendrian 
knot with framing one less than the contact framing. In fact we have the following 
characterization of Stein manifolds. 

Theorem 5.4 (Eliashberg 1990, JI]). A J^-manifold X is Stein if and only if X 
has a handle decomposition with only 0-handles, 1 -handles and 2-handles attached 
along Legendrian knots with framing one less than the contact framing. □ 

Summarizing the relations between various notions of filling and tightness we 
have 

Tight D Weakly Fillable D Strongly Fillable D Stein Fillable. 

The first two inclusions are strict, see |16| and |Zj respectively. It is unknown 
whether or not the last inclusion is strict. We have the following useful fact. 



Theorem 5.5 (Eliashberg 1991, (HJ; Ohta and Ono 1999, gSj). If M is a rational 
homology sphere then any weak filling of (M, £) can be deformed into a strong 



5.2. Contact surgery. Let L be a Legendrian knot in a contact 3-manifold (M, £). 
It is well known (see ^3120]) that L has a neighborhood Nl that is contactomorphic 
to a neighborhood of the x-axis in 



filling. 



□ 



(R 3 ,ker(cfe -ydx))/ 



28 



JOHN B. ETNYRE 



where ~ identifies (x, y, z) with (x + 1, y, z). With respect to these coordinates on 
Nl we can remove Nl from M and topologically glue it back with a ±l-twist (that 
is, we are doing Dehn surgery along L with framing the contact framing ±1). Call 
the resulting manifold Mil,±i)- There is a unique way, up to isotopy, to extend 
€\m\Nl ^0 a contact structure £(l.±i) over all of M/l,±i) so that £(l,±i)\n l is tight 
(see E7J). The contact manifold (M, C)(i,±i) = i^(L,±i), £(£,±i)) i s sa ^ to be 
obtained from (M, £) by ±l-contact surgery along L. It is customary to refer to 
— 1-contact surgery along L as Legendrian surgery along L. 

Question 1. Is &l,-i) ttg/zi i/£ is tight? 

If the original contact manifold (M, £) is not closed then it is known that the 
answer is sometimes NO, see |26j . But there is no known such example on a closed 
manifold. It is known, by a combination of Theorems 15 . 41 and 15.51 that Legendrian 
surgery (but not +l-contact surgery!) preserves any type of symplectic fUlability. 
(Similarly, +l-contact surgery preserves non-fillability.) We have the following 
result along those lines. 

Theorem 5.6 (Eliashberg 1990, [TT]; Weinstein 1991, [H]). Given a contact 3- 
manifold (M,£) let (W = M x [0, l],w = d(e t a)) be a piece of the symplectization 
of (M, £) discussed in the last section. Let L be a Legendrian knot sitting in (M, £) 
thought of as M x {1}. Let W be obtained from W by attaching a 2-handle to W 
along L C M X {1} with framing one less than the contact framing. Then lo may be 
extended over W' so that the upper boundary is still convex and the induced contact 
manifold is {M(l,-1)i £(£,-1))- Moreover, if the 2-handle was added to a Stein filling 
(respectively weak filling, strong filling) o/(M,£) then the resulting manifold would 
be a Stein filling (respectively weak filling, strong filling) of [MrL,-l)i C(L,-l))- ^ 

We now want to see how contact surgery relates to open book decompositions. 
The main result along these lines is the following. 

Theorem 5.7. Let (E,</>) be an open book supporting the contact manifold (Af, £). 
If L is a Legendrian knot on the page of the open book then 

(M,Q(L,±1) = ( M (S,0o_Dj)^(E,0oDj))- 

Proof. We begin by ignoring the contact structures and just concentrating on the 
manifold. We have a simple closed curve L on the page E of the open book. Recall 
M\nbhd B is the mapping cylinder E^. We will think of L as sitting on E x {i} in 
E x [0, 1], then by moding out by the identification (4>(x), 0) ~ (x, 1) we will have 
L on a page in E^, C M. 

Exercise 5.8 Show that cutting E^ open along E x {|} and regluing using win give 
you a manifold diffeomorphic to E^ oI3 ± . 

Let iVs be a closed tubular neighborhood of L in E x {|}. Then a neighborhood 
N of L in M is given by x [h — e, h + e]. We can assume the support of is 
in iVj> Thus if N' is neighborhood of L in E^ oIjT corresponding to N in E^ then 

^ \ N = S 0oDj \ N'. 

So clearly M( S ^)\iV is diffeomorphic to ^ o£ j=fAJV'. Said another way M/ s ^ ol3 =F) 
is obtained from by removing a solid torus and gluing it back in, i.e. by 

a Dehn surgery along L. We are left to see that the Dehn surgery is a ±1 Dehn 
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surgery with respect to the framing on L coming from the page on which it sits. See 
Figure ITU while reading the rest of this paragraph. Note that we get N' from N by 
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Figure 14. On the right is the neighborhood N with its merid- 
ional disk D. On the right is the neighborhood N'. (The right- and 
left-hand sides of each cube are identified to get a solid torus.) 



cutting N along Ns and regluing using D^. We get a meridional disk D for N by 
taking an arc a on N% x — e} running from one boundary component to the other 



and setting D 



-e].LetiV_ =N Tl x[\-€ ±] and N+ = iV s x [i ,| + e] 



Thus we get N' by gluing £ x {J} in iV+ to S x {\} in AT_. Set D_ = DC\N^. Then 
a_ = £>_ n £ x {i} in AT_ is taken to a + C £ x {i} C AT+. So £>', the meridional 
disk in N', is D_ U a+ x [± - e, |]. Thus on <9M (E:0) \ N — 9M (E ^ oflT) \ AT' the 
curve is homologous to 91? ± L\ where V is a parallel copy of L lying on ON. 
Thus OI j=F) is obtained from M(s^) by a ±1 Dehn surgery on L. 

We now must see that the contact structure one gets from ±l-contact surgery 
on L is the contact structure supported by the open book (£,^>o D J). To do this 
we consider the definition of compatible open book involving the Reeb vector field. 

Exercise 5.9 Think about trying to show that £ can be isotoped arbitrarily close to the 
pages of the open book. Intuitively this is not too hard to see (but as usual, making a 
rigorous proof out of this intuition is not so easy). 

Since (£, <f) is compatible with £ there is a Reeb vector field X for £ such that 
X is positively transverse to the pages and tangent to the binding. Notice our 
neighborhood TV = N% x [i — e, \ + e] is such that X is transverse to all the N% x {t } 
and the flow of X preserves these pages. As usual we will now consider a model 
situation. Consider (R 3 , ker(<iz — ydx))/ ~, where (x,y,z) ~ (x + 1, y, z). It is easy 
to arrange that the foliation on Afe is the same as the foliation on {(x,y, z)\ —6 < 
y < 5}. Thus we can assume the contact structure on A^ is contactomorphic to the 
contact structure on N m = {(x,y,z)\ — e < z < e 7 —5 < y < 5}. Moreover, we 
can assume this contactomorphism takes a Reeb vector field for £ to Jj-, the Reeb 
vector field for dz — y dx. (We do this by picking an identification of Ny. and the 
annulus in the xy-plane that preserves the characteristic foliation and then using 
the Reeb vector fields to extend this identification.) Let ip '■ dN m — > ON be the 
diffeomorphism that agrees with the above contactomorphism everywhere except 
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on S u = {(x,y, z)\z = e, —5 < y < 5} C dN m , where it differs by D^. Note that 
gluing N m to M\N using ip will yield the manifold M( ij±1 ). Use ip to pullback the 
characteristic foliation on d(M \ N) to dN m . Note that the characteristic foliation 
agrees with the characteristic foliation on dN m \ S u induced by ker(<iz — ydx). 

Exercise 5.10 Show there is a function / : {(a;, y)\ — 5 < y < 5} ^ K. that equals e near 
\y\ — 5 such that the characteristic foliation on the graph of / agrees with the foliation 
on S u that is pulled back from N by ip. (By "agrees with" I mean that S u and the graph 
of / are isotopic rel boundary so that the isotopy takes the pulled back foliation to the 
characteristic foliation on the graph of /.) 

HINT: Figure out what the pullback foliation is first. Then experiment with perturbing 
the graph of the constant function. 

Now let N' m be the region bounded by dN m \ S u union the graph of /. There 
is a natural way to think of ip as a map from dN' m to d(M \ N) that preserves 
the characteristic foliation. Furthermore we can extend ip to a neighborhood of the 
boundary so that it preserves Reeb vector fields. The contact structures £m\n and 
ker(dz — ydx)\N> m glue to give a contact structure on M( L ^±iy We can also glue up 
the Reeb vector fields to get a Reeb vector field on M(L t ±x) that is transverse to 
the pages of the obvious open book and tangent to the binding. □ 

An easy corollary of this theorem is the following. 

Theorem 5.11 (Giroux 2002, [21]). A contact manifold (M, £) is Stein fillable if 
and only if there is an open book decomposition for (M, £) whose monodromy can 
be written as a composition of right-handed Dehn twists. 

Proof. We start by assuming that there is an open book (E, <p) supporting (M, £) 
for which <f> is a composition of right-handed Dehn twists. Let us begin by as- 
suming that <p is the identity map on S. In Exercise 12.101 vou verified that M — 
#2g+n-i<S' 1 x S 2 , where g is the genus of E and n is the number of boundary compo- 
nents. Eliashberg has shown that 4p2g+n-\S l x S 2 has a unique strong symplectic 
filling 10 j. This filling (W, uj) is also a Stein filling. Thus we are done if <fi is the 
identity map. 

Now assume <p — where 7 is a simple non-separating closed curve on E. 
We can use the Legendrian realization principle to make 7 a Legendrian arc on 
a page of the open book. (Recall that even though our convex surface does not 
have Legendrian boundary we can still use the Legendrian realization principle. 
See Remark ^201) (Note that we required 7 to be non-separating so that we could 
use the Legendrian realization principle.) We know (A^(s,id)) C(E.id)) 1S Stein filled 
by (W, cu) so by Theorems 15.61 and 15.71 we can attach a 2-handle to W to get a 
Stein filling of (M^ s D +yS,^ £>+))• If is a composition of more than one right- 
handed Dehn twist along non-separating curves in E we may clearly continue this 
process to obtain a Stein filling of (Mr^-j, The only thing left to consider 

is when one or more of the curves on which we Dehn twist is separating. Suppose 
7 is separating. If both components of the complement of 7 contain parts of the 
boundary of the page then we can still realize 7. Thus we only have a problem 
when there is a subsurface E' of E such that <9E' = 7. In this case we can use the 
"chain relation" (see Theorem 16. 51 in the Appendix) to write £)+ as a composition 
of positive Dehn twists along non-separating curves in E'. 

For the other implication we assume that (M, £) is Stein fillable by say (W, J, ip). 
According to Eliashberg's Theorem 15.41 W has a handle decomposition with only 
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1-handles and 2-handles attached along Legendrian knots with framing one less 
than the contact framing. Let W be the union of the 0- and 1-handlcs. Clearly 
M' = dW = #fc>5 1 x S 2 and the induced contact structure £' is tight. So we have 
a Legendrian link L in M' on which we can perform Legendrian surgery to obtain 
(M, £). Now according to Corollarv l4.23l there is an open book decomposition (E, <j>) 
for (M',£') such that L sits on a page of the open book. At the moment 4> might 
not be the composition of right-handed Dehn twists. According to a theorem of 
Eliashberg and Colin jS] M' has a unique tight contact structure. We know there 
is a surface E' such that M' — Mm t ^n and the supported contact structure is tight. 
According to Giroux's Stabilization Theorem l4.28l we can positively stabilize (E', id) 
and (E, (j>) so that they become isotopic. Let (E", <j>") be their common stabilization. 
Since the stabilizations were all positive <j)" is a composition of positive Dehn twists. 
Moreover L sits on a page of this open book. As in the previous paragraph of the 
proof, performing Legendrian surgery on L will change the open book (E", cf>") 
by composing (f>" by right-handed Dehn twists. Thus we eventually get an open 
book for {M, £) whose monodromy consists of a composition of right-handed Dehn 
twists. □ 

5.3. Proof of Theorem 15. U We are ready to begin the proof of Theorem l5.ll 

Lemma 5.12 (Etnyre 2004, |Hj; cf. Stipsicz 2003, |3T|). Suppose {X,uj) is a weak 
filling of {M, £). Then there is a compact symplectic manifold (X',lu') such that 
(X,uj) embeds in (X',lj') and the boundary of {X' ,u>') is strongly convex. 

Proof. Let (B,ir) be an open book for (M, £). Using positive stabilizations of the 
open book we can assume the binding is connected. Let 4> be the monodromy of 
the open book. It is well known, see Lemma |6.7I in the Appendix, that (f> can be 
written 



DT o D- 1 o 



where are non-separating curves on the interior of the page E and c is a curve 
on E parallel to the boundary of E. 

We know M \ B is the mapping cylinder E^ and an identical argument to the 
one in the first paragraph of the proof of Theorem 15 . 71 savs we may think of E^, as 

n 

L[s</~. 

i=l 

where Ej = E x [— , -] and ~ is the equivalence relation that glues E x {^} in Ej 
to E x {i} in E J+ i by D" 1 and E x 1 to E x by D™. See Figure IT31 







E 2 




E 3 




-1 






D- 1 


















► 




► 








— ► 





D'; 



Figure 15. Breaking up the monodromy. 
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Choose a point pG(0,^). We can Legendrian realize 71 on the surface E x {p} 
in Si C M. If we cut E^ along E x {p} and reglue using the diffeomorphism 
D- ll then the new open book decomposition will have page E and monodromy 
-D™ o o . . . o .Dr . Continuing in this way we can get an open book with page E 
and monodromy D" 1 . Denote the contact manifold supported by this open book by 
(M 1 , £'). By Theorem 15 .71 we know we can get from (M, £) to (M 1 , £') by a sequence 
of Legendrian surgeries. Thus by Theorem 15 . 61 we can add 2-handles to (X, u>) in a 
symplectic way to get a symplectic manifold (X" , uj") with weakly convex boundary 
equal to (M',f' )• 

Let a\,... ,a,2 g be the curves on E pictured in Figure [TBI We can Legendrian 




Figure 16. The curves ai, . . . 02 9 on E. 

realize these curves on separate pages of the open book for (M',£') and do Leg- 
endrian surgery on them to get the contact manifold (M", £"). Moreover, we can 
add 2-handles to (X",oj") to obtain the symplectic manifold (X',u>') with weakly 
convex boundary (M",£"). The open book supporting (M",£") has page E and 
monodromy D ai o . . . o D a2g o D™. 

Exercise 5.13 Show M" is topologically obtained from S 3 by — Dehn surgery on the 
knot in Figure [TTI Thus M" is a homology sphere. 



m 




Figure 17. Topological description of M" . 



Now Theorem l5.5l savs for a homology sphere a weak filling can be deformed into 
a strong filling. Thus we may deform (X',u>') into a strong filling of (M",£") and 
clearly (X, w) symplectically embeds into this manifold. □ 

Lemma 5.14 (Etnyre and Honda 2002, [T5]: Gay 2002, ^Hl)- Given any contact 
manifold (M,£) there is a strong concave filling of (M,£). 

This Lemma was also proven by Lisca and Matic [3JJ for Stein tillable contact 
structures. An alternate proof in the Stein case was provided by the work of Akbulut 
and Ozbagci [2] coupled with that of Plamenevskaya 23 ■ The proof below is in 
the spirit of Gay's work. 
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Proof. We start with the symplectic manifold (W, low) = {M x [0, 1], d(e'a)), where 
a is a contact form of £ and t is the coordinate on [0, 1]. It is easy to see that M x {0} 
is a strongly concave boundary component of W and M x {1} is a strongly convex 
boundary. Our strategy will be to cap off the convex boundary component so we 
are left with only the concave boundary component. Throughout this proof we will 
call the concave boundary of a symplectic manifold the lower boundary component 
and the convex boundary component the upper boundary component. 

Let (E, <fi) be an open book for [M, £) with a connected boundary. As in the proof 
of Lemma f5. 121 we can add 2-handles to W to get a symplectic manifold (W, u>') 
with lower boundary M and upper boundary a contact manifold with open book 
having page E and monodromy where c is a boundary parallel curve in E. 

We want to argue that we can assume that m = 1. If m < 1 then by adding 
symplectic 2-handles to (W',ui') we can get to the situation where m = 1. (Note 
c is separating, but we can handle this as we did in the proof of Theorem 15. Ill ) 
Throughout the rest of the proof as we add handles to (W, ui') we still denote the 
resulting manifold by (W',u>'). We are left to consider the situation where m > 1. 
For this we observe that we can increase the genus of E as follows. 

Exercise 5.15 Show that if we add a symplectic 1-handle to (W' ,uj') this has the effect 
on the upper boundary of W' of connect summing with the standard (unique tight) contact 
structure on S 1 x S 2 . 

But we know connect summing the contact manifold can be achieved by Murasugi 
summing their open books. The tight contact structure on S 1 x S 2 has open book 
with page an annulus and monodromy the identity map. Thus adding symplectic 
1-handles to W has the effect on the open book of the upper boundary component 
of adding a 1-handle to E and extending the old monodromy over this handle by 
the identity. So by adding 1-handles to W we can arrange that the open book for 
the upper boundary component has page E' shown in Figure 1181 and monodromy 




Figure 18. The surfaces E and E' and the curves c and ci, . . . a2g 2 - 

D™. Let ci, . . . , C2 9l be the curves in E shown in Figure ED ffi is the genus of E. 
The Chain Relation (see Theorem says D™ = (D Cl o . . . o D C2gi )™(4si+2)_ Now 
let c Sl +i, . . . , C2g 2 be the curves shown in Figure El 92 is the genus of E'. 

Exercise 5.16 Show that we can assume m is such that we can choose the genus g2 of 
£' so that m(4gi + 2) = 4g 2 + 2. 
HINT: Attach symplectic 2-handles. 
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Thus we can attach symplectic 2-handles to (W , u>') so that the upper boundary 
(M', £') has an open book decomposition with page E' and monodromy D c i = 
(D Cl o . . . o D C2fJ2 ) 4 9 2+2 ; where d is a curve on E' parallel to the boundary. 

Exercise 5.17 Show M' is an S bundle over E" with Euler number — 1, where E" is 
E' with a disk capping of its boundary. 

Exercise 5.18 Let C be the D 2 bundle over E" with Euler number 1. Construct a 
natural symplectic structure uc on C. 

HINT: On the circle bundle dC there is a connection 1-form a that is also a contact form 
on dC. Use this to construct the symplectic form on C. Note that if you think about 
the symplectization of a contact structure you can easily get a symplectic structure on C 
minus the zero section. Some care is needed to extend over the zero section. 

Exercise 5.19 Show (C,uic) has a strongly concave boundary, dC = —M', and £' is the 
induced contact structure. 

HINT: The contact structure induced on dC is transverse to the circle fibers. If you remove 
a neighborhood of one of the fibers the resulting manifold is E' x S 1 . This is the mapping 
cylinder of the identity on E'. Show that the contact planes can be isotoped arbitrarily 
close to the pages. Now consider how the neighborhood of the fiber is glued back in. 

We now simply glue (C, ojc) to the top of (W, u>') to get our concave filling of 
(M,0- ' ' □ 

We are now ready to prove the main result of this section. 

Proof of Theorem \5.1[ We start with a weak symplectic filling (X, cu) of (M, £). Now 
apply Lemma T5. 121 to embed (X, cu) symplectically into (X',u>') where (X',u>') has 
a strongly convex boundary (M',£'). Now use Lemma 15.141 to find a symplectic 
manifold (X",ta") that is a strong concave filling of (M',£,'). Using an exercise 
from Subsection 15.11 we can glue (X',u}') and (X",cj") together to get a closed 
symplectic manifold (W, low) into which (X, w) embeds. □ 

5.4. Sobering arcs and overtwisted contact structures. Theorem 15.111 gives 
a nice characterization of Stein tillable contact structures in terms of open book 
decompositions. It turns out there is a similar characterization of overtwisted con- 
tact structures due to Goodman |24|. Suppose we are given an oriented surface 
E. Given two properly embedded oriented arcs a and b on E with da = db we 
can isotop them relative to the boundary so that the number of intersection points 
between the arcs is minimized. At a boundary point x of a define e{x) to be +1 
if the oriented tangent to a at x followed by the oriented tangent to b at x is an 
oriented basis for E, otherwise we set e(x) = — 1. Let i(a, b) = h(e(x) + c(y)), where 
x and y are the boundary points of a. 

Definition 5.20. Let E be an oriented surface and <f> : E — > E a diffeomorphism 
that fixes the boundary. An arc b properly embedded in E is a sobering arc for the 
pair (E, (f>) if i(b, 4>{b)) > and there are no positive intersection points of b with 
4>{b) (after isotoping to minimize the number of intersection points). 

Note the definition of sobering arc does not depend on an orientation on b. 



Theorem 5.21 (Goodman 2004, [23)- -f/(E,</>) admits a sobering arc then the 
corresponding contact structure £(e,</>) is overtwisted. □ 
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We will not prove this theorem but indicate by an example how one shows a 
contact structure is overtwistcd if a supporting open book admits a sobering arc. 
Indeed, consider (A,4>) where A — S 1 x [— 1, 1] and <fi is a left-handed Dehn twist 
about S 1 x {0}. Of course this is the open book describing the negative Hopf link 
in S 3 . Earlier we claimed that the associated contact structure is overtwisted; we 
now find the overtwisted disk. (Actually we find a disk whose Legendrian boundary 
violates the Bennequin inequality, but from this one can easily locate an overtwisted 
disk.) The arc b — {pi] x [—1, 1] c A is obviously a sobering arc. Let T be the union 
of two pages of the open book. Clearly T is a torus that separates S 3 into two solid 
tori Vo and V\. We can think of Vq as A X [0, ^] (union part of the neighborhood 
of the binding if you want to be precise) and V\ is A x [i 1]. In Vq we can take 
Do = b x [0, ^] to be the meridional disk and in V\ we take D\ = b x [|, 1] to be 
the meridional disk. If we think of T as the boundary of V\ then dD\ is simply a 
meridional curve, that is, a (1, 0) curve. Note that 8Dq does not naturally sit on 
T. We must identify A x {|} C Vq with A X {-} C V\ using the identity map and 
Ax{0} C Vq with Ax{l} C V\ via <j). Thus dD\ in T is a (— 1, 1) curve. In particular 
these two meridional curves intersect once on T. We can Legendrian realize a (0, 1) 
curve on T. Call the Legendrian curve L. Note since (0,1) = (1,0) + (—1,1), L 
bounds a disk D in S 3 . With respect to the framing induced by T the twisting of 
L is 0. 

Exercise 5.22 Show that the framing induced on L by T is one larger than the framing 
induced by D. Thus tw(£, D) = 1. 

So we see that dD violates the Bennequin inequality and thus £ is overtwisted. 

Exercise 5.23 Starting with D find an overtwisted disk. 

In general, in the proof of the above theorem you will not always be able to find 
an explicit overtwisted disk, but in a manner similar to what we did above you will 
always be able to construct a Legendrian knot bounding a surface that violates the 
Bennequin inequality. 

Lastly we have the following theorem. 

Theorem 5.24 (Goodman 2004, [23). A contact structure is overtwisted if and 
only if it is there is an open book decomposition supporting the contact structure 
that admits a sobering arc. 

The if part of this theorem is the content of the previous theorem. The only if 
part follows from: 

Exercise 5.25 Show that any overtwisted contact structure is supported by an open 
book that has been negatively stabilized. Show that this implies there is a sobering arc. 
HINT: You will need to use Eliashberg's classification of overtwisted contact structures 
by their homotopy class of plain field |12j . If you are having trouble you might want to 
consult |13| or, of course, the original paper |24| . 

6. Appendix 

We recall several important facts about diffeomorphisms of surfaces. First, given 
an embedded curve 7 in an oriented surface £ let N — 7 x [0, 1] be a (oriented) 
neighborhood of the curve. We then define the right-handed Dehn twists along 7, 
denoted D 7 , to be the diffeomorphism of S that is the identity on S \ N and on N 
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is given by (0,t) i— ► (0 + 2irt,t), where 9 is the coordinate on 7 = S 1 and t is the 
coordinate on [0, 1] and we have chosen the product structure so that Jj is an 
oriented basis for N C E. (Note that to make £> 7 a diffeomorphism one needs to 
"smooth" it near ON.) A left-handed Dehn twists about 7 is D~ . 




Figure 19. A right-handed Dehn twist. 



Exercise 6.1 Show the following 

(1) D 1 does not depend on an orientation on 7. 

(2) If 7 and 7' are isotopic then D 7 and D 1 i are isotopic diffeomorphisms. 

Theorem 6.2 (Lickorish 1962, 30 ). Any diffeomorphism of a compact oriented 
surface can be written as a composition of Dehn twists about non-separating curves 
and curves parallel to the boundary of the surface. □ 

There are several important relations among Dehn twists. For example: 

(1) For any 7 and diffeomorphism / we have / o D 7 o f^ 1 = -D/( 7 ). 

(2) If 7 and 8 are disjoint then D 1 o D$ — D$ o D 1 . 

(3) If 7 and 8 intersect in one point then D$ a D 1 {8) is isotopic to 7. 

(4) If 7 and 8 intersect in one point then D$ o D 1 o Dg = D 1 o D$ o D 1 . 

Exercise 6.3 Prove the above relations. 

Exercise 6.4 Show that given two non-separating curves 7 and <5 on E there is a diffeo- 
morphism of E taking 7 to S. 

In many of the above applications of open books we needed the following funda- 
mental relation called the Chain Relation. 

Theorem 6.5. Let 71, . . . ,7^ be a chain of simple closed curves in S, that is, the 
curves satisfy 7, ■ jj is 1 if \i — j\ = 1 and is otherwise, where ■ means geometric 
intersection. Let N be a neighborhood of the union of the ji 's. If k is odd then 
N has two boundary components d\ and d^. If k is even then N has one boundary 
component d. We have the following relations 

(Z? 7l o . . . o D lk ) 2k+2 — D c i, if k is even, and 
{D 11 o . . .0 D lk ) k+1 = D dl o D d2 if k is odd. 

□ 

Exercise 6.6 Try to prove this theorem. Note: for k = 1 it is trivial, for k = 2, 3 it is 
quite easy to explicitly check the relation. 

An important consequence of this theorem is the following lemma. 
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Lemma 6.7. Let £ be a surface with one boundary component, then any diffeo- 
morphism of X can be written as the composition of right-handed Dehn twists about 
non-separating curves on the interior of £ and arbitrary Dehn twists about a curve 
parallel to the boundary o/S. 

Proof. We find a chain of curves 71 , . . . , 72c, in S such that X is a neighborhood of 
their union. Thus the chain relation tells us that (Z? 71 o . . . o -D 72s ) 4s+2 = D d . So 
clearly we can replace D~ by a composition of right-handed Dehn twists and one 
left-handed Dehn twist about d. Now by the exercises above any left-handed Dehn 
twist about a separating curve can be written as right-handed Dehn twists about 
non-separating curves and a left-handed Dehn twist about d. □ 
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